Abstract-Rational solutions and special polynomials associated with the generalized K 2 hierarchy are studied. This hierarchy is related to the Sawada-Kotera and Kaup-Kupershmidt equations and some other integrable partial differential equations including the Fordy-Gibbons equation. Differential-difference relations and differential equations satisfied by the polynomials are derived. The relationship between these special polynomials and stationary configurations of point vortices with circulations Γ and −2Γ is established. Properties of the polynomials are studied. Differential-difference relations enabling one to construct these polynomials explicitly are derived. Algebraic relations satisfied by the roots of the polynomials are found.
INTRODUCTION
Vortical flows belong to one of the most important issues of fluid dynamics [1] [2] [3] [4] [5] [6] [7] . The motion of point vortices including the problem of finding equilibrium vortex configurations has been intensively studied in recent years [8] [9] [10] [11] [12] [13] [14] [15] . It is a well-known fact that positions of N identical point vortices in equilibrium on a line are described by the roots of the N th Hermite polynomial [8] . According to another classical result N identical point vortices in equilibrium on a circle form a regular N -gon [8, 9, 15] .
Not long ago a striking relationship between the theory of point vortices and rational solutions of some integrable partial differential equations was established. Stationary equilibria of point vortices with circulations Γ and −Γ are described by the roots of the Adler-Moser polynomials [14, 16] . Originally these polynomials were introduced to construct rational solutions of the Korteweg-de Vries equation. The Adler-Moser polynomials at certain values of the parameters are known as the Yablonskii-Vorob'ev polynomials, which are used to represent rational solutions of the second Painlevé equation [17] [18] [19] . The third, the fourth, the fifth, and the sixth Painlevé equations also possess rational or algebraic solutions expressible in terms of certain special polynomials [17] . For example, rational solutions of the fourth Painlevé equation can be expressed via logarithmic derivative of the generalized Hermite and the generalized Okamoto polynomials [14, 17] .
Special polynomials associated with the Painlevé equations and their higher-order analogues have been attracting much attention during recent decades. It was shown that these polynomials possess a certain number of interesting properties. For example, their roots form highly regular structures in the complex plane.
In this article we investigate the connection between equilibria of point vortices and special polynomials associated with rational solutions of the generalized K 2 hierarchy. This hierarchy is related to the Sawada-Kotera equation [20] , the Kaup-Kupershmidt equation [21] , their hierarchies [22, 23] , and some other integrable partial differential equations including the Fordy-Gibbons equation [24] .
This article is organized as follows. In Section 2 we consider equilibria of point vortices with circulations Γ and −μΓ, μ > 0. In Section 3 we study properties of special polynomials associated with the generalized K 2 hierarchy, we derive differential-difference relations and ordinary differential equations satisfied by the polynomials. In Section 4 we discuss the case of the fourthorder equation in the generalized K 2 hierarchy.
DYNAMICS OF POINT VORTICES
One of the basic systems of equations in the theory of point vortices can be written as
These equations describe the motion of M point vortices with circulations (or strengths) Γ k at positions z k , k = 1, . . . , M. The prime in the expression (2.1) means that we exclude the case j = k and the symbol * stands for complex conjugation. In this article we study stationary equilibria of vortices, thus we set dz * k /dt = 0. First of all, let us consider the situation with l 1 vortices of circulation Γ at positions a 1 , . . . , a l 1 and l 2 vortices of circulation −μΓ, μ > 0 at positions b 1 , . . . , b l 2 . For further analysis it is convenient to introduce the polynomials P (z) and Q(z) with roots at the positions of vortices [8]
Note that polynomials P (z) and Q(z) do not have multiple and common roots. From the equations (2.1) we find
Using properties of the logarithmic derivative, we get
Equalities (2.5) can be rewritten in the form
Now let z tend to one of the roots of the corresponding polynomial. Calculating the limit z → a i 0 in the expression for P zz and the limit z → b j 0 in the expression for Q zz , we obtain [8]
